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Bend stiffeners are polymeric structures with a conical shape designed to limit the
curvature of flexible risers and umbilical cables at their uppermost connections, pro-
tecting them against overbending and from accumulation of fatigue damage. Thus,
they are of vital importance to deep water oil and gas production systems. This work
develops a mathematical formulation and a numerical solution procedure for the
geometrical and material nonlinear analysis of the riser/bend stiffener system con-
sidered as a beam bending model. The structures are separately modeled, which
allows the numerical calculation of the contact force along the system arc length. The
governing differential equations are derived considering geometrical compatibility,
equilibrium of forces and moments, and nonlinear asymmetric material constitutive
relations, which leads to a shift in the neutral axis position from the cross-section
centroid. The eccentricity and the bending moment versus curvature relation for each
cross section are numerically calculated and then expressed by a polynomial power
series expansion. A set of four first-order nonlinear ordinary differential equations is
written and four boundary conditions are specified at both ends. Once the global
problem is solved, the contact force may be promptly calculated. A finite difference
method is implemented in Fortran code to obtain the numerical solution. A case study
is carried out where linear elastic symmetric and nonlinear elastic asymmetric con-
stitutive models are compared and discussed. The results are presented for the
riser/bend stiffener deflected configuration, angle, curvature, and contact force dis-
tribution. The results demonstrate that an accurate structural analysis of bend stiff-
eners depends on a precise assessment of the nonlinear asymmetric polyurethane
property.

1. Introduction

THE UPPER CONNECTION of a flexible riser is highly affected by
cyclical operational loadings and is recognized as one of the most
vulnerable to failure from accumulation of fatigue damage or from
excessive bending. Bend stiffeners are critical components for the
integrity of flexible risers (and umbilical cables), gradually in-
creasing the bending stiffness from a rather small value (flexible
riser) to a significant large value (the stiff structure of the plat-
form). They are made with polyurethane material usually showing
an initial cylindrical part followed by a conical shape.

The mechanics of flexible pipes and umbilical cables in terms of
their local axisymmetric and flexural behavior has been addressed
by Féret and Bournazel (1987), Saevik (1992), Witz and Tan
(1992a-b), Féret et al. (1995), and Custódio and Vaz (2002).

Recent failures occurred in bend stiffeners operating at Campos
Basin, offshore Brazil, and the intensive use of floating production
ships and monobuoys in deep waters have motivated additional
research on the structural integrity of those devices. A brief review
of the main works regarding bend stiffener analysis is presented
below.

The analytical beam model approach for the bend stiffener de-
sign is developed by Boef and Out (1990) considering the formu-
lation for large deflection of slender rods. They made the follow-
ing considerations for the model: the sections undergo large dis-
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placements with small strains, the cross-section is variable
because of the bend stiffener conical shape, and the polyurethane
behavior is considered linear elastic symmetric. They compared
the model with finite element analysis and concluded that the
analytical method is a reliable tool for design.

Lane et al. (1995) also address the bend stiffener design and
material selection, manufacture, and installation. They compare
commercial software based on the beam bending model with finite
element analysis and validate the software. However, they point
out that a three-dimensional finite element analysis may be em-
ployed if local information is required. For instance, stress con-
centration points in the interface between the stiffener and its
metal support may be readily calculated with solid modeling.

Vaz and Lemos (2004) extend the formulation for nonlinear
asymmetric materials where the neutral axis is eccentric and the
nonlinear moment–curvature relationship may be numerically cal-
culated and expressed by a power series expansion. However, the
bend stiffener and riser are not separately modeled, so information
on the contact force, internal tension, shear forces, and bending
moment distributions cannot be obtained.

Caire et al. (2005) present a formulation considering the poly-
urethane with linear viscoelastic behavior (an inherent character-
istic to polymers), which means that the system response varies
with time. The material data are obtained by means of creep tests
the specimens of which were cut from actual bend stiffeners. The
asymmetric tension and compression behavior is not evaluated in
the model. Demanze et al. (2005) carry out full-scale experimental
tests and develop a finite element model to propose a fatigue life
methodology for polyurethane bend stiffeners.

The bend stiffener large deflection problem resembles the elas-
tica of cantilevered beams (Rohde 1953, Wang 1981, Lau 1981,
1982, Wilson & Snyder 1988, Wilson & Mahajan 1989, Lee et al.
1993, Lee 2002). However, those works deal only with single
cross sections.

In this paper the nonlinear asymmetric formulation is extended
considering the riser and bend stiffener separately modeled. Once
the global problem is solved, the distribution of contact forces,
tension, and shear forces in the riser and bend stiffener along the
arc length may be easily postprocessed. The contact force distri-
bution results are necessary to analytically estimate the contact
pressure distribution between the riser/bend stiffener and allow a
better understanding of critical design points and the abrasive wear
of the bend stiffener polyurethane.

2. Mathematical formulation of the problem

The analytical methodology developed by Boef and Out (1990)
considering the polyurethane with linear elastic response is ex-
tended by Vaz and Lemos (2004) for nonlinear elastic asymmetric
materials. For the models, the following assumptions are consid-
ered: it is a pure bending problem with small strains; the cross
section undergoes large displacements; the cross section along the
arc length changes because of the conical shape; the self-weight,
external and frictional forces are disregarded and axial extensibil-
ity is neglected once the riser axial stiffness is very high; and
tension forces are expected to be small along the stiffener.

In this paper a similar formulation is developed, but the equi-
librium equations for the riser and bend stiffener are separately
established, and then the contact distributed load may be calcu-
lated for the linear and nonlinear elastic cases. The loading con-

dition (F, �, �L) can be seen in the schematic representation (Fig.
1, top) of the riser/bend stiffener system as a beam bending model.

2.1. Geometrical compatibility

The riser and bend stiffener are assumed to deform equally,
which is fairly acceptable if the gap along the contact area is small.
Applying trigonometrical relations to the schematic element dS
(see Fig. 1, bottom) and invoking the geometrical definition of
curvature yields

dX

dS
= cos ��S� (1a)

dY

dS
= sin ��S� (1b)

d�

dS
= ��S� (1c)

where S is the rod arc length (0 � S � L), [X(S), Y(S)] are the
Cartesian coordinates of the deflected rod, �(S) is the angle be-
tween the tangent to the riser axis, and the X axis and k(S) is the
curvature.

2.2. Equilibrium of forces and moments

A schematic of the internal forces and moments in the riser and
bend stiffener infinitesimal element is shown in Fig. 1 (bottom).
The self-weight, external forces, and friction forces due to contact
are neglected; hence, the equilibrium of normal and tangential
forces and bending moments respectively yields

For the riser:

dV1

dS
− T1

d�

dS
+ q�S� = 0 (2a)

dT1

ds
+ V1

d�

dS
= 0 (2b)

dM1

dS
− V1 = 0 (2c)

For the bend stiffener:

dV2

dS
− T2

d�

dS
− q�S� = 0 (3a)

dT2

dS
+ V2

d�

dS
= 0 (3b)

dM2

dS
− V2 = 0 (3c)

where Mi (S) is the bending moment, Vi (S) is the shear force, and
Ti (S) is the axial force. The subscript i � 1,2 respectively refers
to the riser and bend stiffener. The riser and bend stiffener are
obviously expected to account for most of the tension and shear
forces, respectively. Assuming global bending moment (M � M1

+ M2), tension (T � T1 + T2), and shear (V � V1 + V2) forces,
summing up equations (2a) and (3a), (2b) and (3b), (2c) and (3c)
respectively yields
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dV

dS
− T

d�

dS
= 0 (4a)

dT

dS
+ V

d�

dS
= 0 (4b)

dM

dS
− V = 0 (4c)

Equations (4a) and (4b) may also be expressed in the Cartesian
coordinates (X, Y) (horizontal and vertical) by a straightforward
matrix rotation as

d

dS
�T sin� − V cos�� = 0 (5a)

d

dS
�T cos� + V sin�� = 0 (5b)

Integrating equations (5a) and (5b) and applying the conditions
T(0) � T0 and V(0) � V0 yields

T sin� − V cos� = V0 (6a)
T cos� + V sin� = T0 (6b)

Fig. 1 (Top) Schematic of the riser: bend stiffener as a beam model. (Bottom) Infinitesimal element of the riser: bend stiffener.
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Further manipulating equations (6a) and (6b) and applying the
condition V(L) � – F sin(�) yields

V = −F sin��L + � − �� (7)

2.3. Constitutive relations and pure bending formulation

The stress-strain curve for the bend stiffener polyurethane
should be obtained experimentally, and generally it presents a
nonlinear asymmetric behavior in tension and compression. Con-
sidering the Bernoulli-Euler formulation where plane cross sec-
tions remain plane after bending, the strain � at a distance � from
the neutral axis is given by

� = � � (8)

The neutral axis eccentricity (y� in Fig. 1, top) may be obtained
from the equilibrium of forces in the cross section:

�� dA = 0 (9)

where dA is an infinitesimal element of area. The bending moment
may be expressed by

M = �� � dA (10)

If the width of the infinitesimal element of area dA, located at a
distance � from the neutral axis (see Fig. 1, top), is expressed by
a function �(�), obtained from trigonometrical relations, then
dA � �(�)d�. Substituting the infinitesimal element of area and
equation (8) in equations (9) and (10) with algebraic manipula-
tions, respectively, yields

�f��������� d� = 0 (11a)

M = �� f��� ������

�2 d� (11b)

where f(�) is the stress-strain function. For the linear elastic case,
the neutral axis coincides with the cross-section centroid of area
(y� � 0) and the bending moment–curvature relation becomes
M � EI �, where E is the Young modulus and I is the cross-
section second moment of area. The total bending stiffness distri-
bution is then given by EI(S) � EIriser + EI(S)stiffener. Substituting
the bending moment equation in (4c), using (7) and after algebraic
manipulation, yields

d�

dS
=

−1

EI�� 	
dEI

dS
+ F 	 sin��L + � − ��� (12)

If the material is nonlinear elastic asymmetric, the neutral axis and
the bending moment need to be numerically calculated by equa-
tions (11a) and (11b). The bending moment is then adjusted by a
third-order power series, as follows,

M�s� = A�s� 	 ��s� + B�s� 	 ��s�2 + C�s� 	 ��s�3 (13)

where A(S), B(S), and C(S) are interpolated coefficients for each
position. Furthermore, these coefficients are also expanded by a
third-order power series:

A�S� = a0 + a1 S + a2 S2 + a3 S3 (14a)

B�S� = b0 + b1 S + b2 S2 + b3 S3 (14b)

C�S� = c0 + c1 S + c2 S2 + c3 S3 (14c)
Substituting equation (13) in (4c) and using (7) yields

d�

dS
= −

1

A + 2B� + 3 C �2 �dA

dS
� +

dB

dS
�2 +

dC

dS
�3

+ F sin��L + � − ��� (15)

The solution methodology is based on numerically integrating
equation (11a) to find the neutral axis position for several cross
sections as a function of curvature. Using these results, equation
(11b) can be solved using a similar approach; the coefficients
A(S), B(S), and C(S) are interpolated; and consequently the bound-
ary value problem may be solved.

2.5. Boundary conditions

The geometrical relations (1 a–c) and equation (12) for the
linear case and (15) for the nonlinear asymmetric case form the
system of four nonlinear differential equations. A set of four
boundary conditions must be specified for the built-in rod to solve
the problem,

X�0� = Y�0� = ��0� = ��L� − �L = 0 (16)
where �L is the boundary angle at the rod free end.

2.6. Numerical solution

The numerical solution for the system of four first-order non-
linear ordinary differential equations is obtained using the finite
difference method implemented in FORTRAN. This solution
method is compared with the shooting method used by Vaz and
Lemos (2004), showing practically the same results. The system is
solved in FORTRAN code using the International Mathematical
and Statistical Library (IMSL 90 library). The subroutine BVPFD
solves a parameterized system of differential equations with
boundary conditions at two points, using a variable order, variable
step size finite difference method with deferred corrections. The
bisection method was employed in the calculation of the neutral
axis as a function of curvature, as given by equation (11a). In this
incremental search method the interval is always divided in two,
and if the function changes sign, the value of the function is
evaluated. The root location is then determined as lying at the
midpoint of the subinterval within which the sign changes. This
process is repeated until a stop criterion is reached. Once the
neutral axis is available, the bending moment as a function of the
curvature is calculated from equation (11b). The subroutine
QDAG, which uses a globally adaptive scheme based on the
Gauss-Kronrod rules, is employed for the integration of equations
(12a) and (12b). Equations (13) and (14a) to (14c) were least-
squares interpolated with the subroutine RCURV, which estimates
the coefficients in a polynomial (curvilinear) regression model.
The numerical procedure is summarized in the flow chart pre-
sented in Fig. 2.

Once the global problem is solved, the contact force, shear
force, tension force, and bending moment for the riser and bend
stiffener may be calculated. For the riser, the following procedure
is employed:
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Fig. 2 Flow chart for numerical procedure
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V1 =
dM1

dS
, M1 = EIriser�1 + � y

rR
�2�� ⇒

V1 = EIriser�1 + � y

rR
�2� d�

dS
+ 2 EIriser

y�

rR
2

dy

dS
(17)

where y�(S) is the neutral axis eccentricity and rR is the gyration
radius for the riser. The shear force on the riser V1 may be also
numerically approximated once the curvature distribution is
known. From equation (2b),

dT1

dS
= −V1 � ⇒ �

T1�S�

T1�L�

dT1 = −�
S

L

V1 � dS ⇒ T1�S�

= F cos � + �
S

L

V1 � dS (18)

where L represents the total riser length, T1(L) � F cos �, and the
function T1(S) may be numerically calculated once the shear force
and curvature distribution are known from the global problem.
Finally, from equation (2a) the contact load is obtained:

q�S� = −
dV1

dS
+ T1 � (19)

A similar procedure may be developed employing the equilibrium
equations for the bend stiffener. In practical applications it is
expected that the axial and shear forces are respectively absorbed
by the riser and bend stiffener; hence, V1 and T2 tend to be zero.
In this case the contact distributed force can be well approximated
from equation (2a):

q�S� ≅ T � (20)

3. Case study

The bend stiffener must prevent the riser from exceeding its
maximum allowable curvature (extreme loading) and guarantee
the top section a service life of about 20 to 25 years (fatigue). The
first step in design is the global analysis of the riser configuration
without the bend stiffener, which gives the extreme loading con-
ditions necessary to perform the analytical analysis considering
the system as a beam model. After some analyses, a design ge-
ometry that provides acceptable curvatures and strains in the top
area is selected. The final step is to determine the bend stiffener

influence on the global riser configuration. This procedure con-
tinues until an optimum design is achieved.

The case study presented by Vaz and Lemos (2004) is used in
this example. The maximum end rotation �L is defined as 45 deg
and the � angle as zero. The extreme loading conditions, flexible
riser bending stiffness, and geometrical properties are shown in
Fig. 3 and Table 1.

The correct characterization of the mechanical properties of the
bend stiffener polyurethane is a complicated issue. This class of
material presents a wide range in its mechanical properties, from
very rigid to very soft rubber behavior. The nonlinear elastic re-
sponse differs under tension and compression and is still time
dependent (viscoelastic), which complicates even more the me-
chanical characterization. For this example, the polyurethane
asymmetric response obtained by Meniconi (1999) is used, as
presented in Fig. 4.

For the linear elastic formulation, the Young’s modulus of the
polyurethane material is assumed to be at the 10% strain value (45
MPa). It is worth emphasizing that the choice of a representative
value for the Young’s modulus is not so obvious given the asym-
metric and nonlinear stress-strain material characteristic. Since the
selection of a stiffer polyurethane does not implicitly translate into
lower curvatures, the necessity of a consistent methodology to
define a representative Young’s modulus is evident.

For the nonlinear elastic case, the stress-strain curve is least-
squares interpolated to be incorporated in the model (equations
11a and 11b). The neutral axis eccentricity and the bending mo-
ment (see Fig. 5, top and bottom) as a function of the curvature are
calculated for several cross sections allowing the interpolation of
coefficients A(s), B(s), C(s), and finally the numerical problem is
solved. Note that the neutral axis for null curvature is nonzero
since the tangent Young’s moduli are asymmetric for tension (ET

� 103.4 MPa) and compression (EC � 88.5 MPa). Hence, ex-
panding the material constitutive relation in Taylor series gives
�(�) � Ei � (i � T or C) once �(0) � 0, therefore implying that
the mathematical limit can now be calculated from equation (11a).
Furthermore, note that all sections initially present positive values
for the eccentricity and negative values for larger curvatures since
the material becomes stiffer in compression as deformation in-
creases. Considerable discrepancies on the bending moment–
curvature relation (Fig. 5, bottom) are observed for the larger bend
stiffener sections.

The deflected configuration Y(X), angle �(S), curvature �(S),
and contact force q(S) distributions, for linear elastic symmetric
and nonlinear elastic asymmetric materials and applied forces F �

Fig. 3 The bend stiffener schematic drawing for the case study
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62.5, 125, 250, and 500 kN can be seen in Figs. 6 to 9. In general,
they show progressively closer results for linear and nonlinear
materials as the applied force increases because the geometrical
stiffness becomes increasingly important compared with the sys-
tem physical bending stiffness. Figure 6 shows larger displace-
ments for higher tensions, as expected. Figure 7 indicates a
smoother transition between the angles at the ends for lower ten-
sions. The general shape of the curvature distribution (Fig. 8) is
similar for both material constitutive models; however, the values
differ significantly. It is seen that the maximum value of curvature
does not necessarily occur in the encastré end. As a riser is sub-
jected to several operational conditions (platform offset, wave and
current regime) the riser critical section in terms of fatigue life
should be carefully assessed. These results evidence the signifi-
cant potential influence of the material nonlinearity and asymme-
try on the stiffener behavior.

It is observed from Fig. 9 that as the applied load increases from
62.5 kN to 500 kN, the contact force shows a relative increase near
the top connection for both linear and nonlinear cases, indicating
that the contact force roughly follows the curvature distribution as
demonstrated in equation (20). Table 2 presents the position where
the maximum contact force occurs for each loading condition.
Note that the maximum contact force and its position change with
the loading condition: as the load decreases, the location of the
maximum contact force shifts from the encastré to the free end. It
is also observed that the contact forces for nonlinear asymmetric
material are usually higher, except for an applied load equal to 250

kN. As the contact force should be distributed along the contacting
surface between the riser and the bend stiffener internal parts,
potential severe abrasive wear may develop.

4. Conclusions

In this paper a beam model formulation that represents the
riser/bend stiffener system for linear and nonlinear elastic asym-
metric polyurethane response is extended considering the equilib-
rium equations separately for the riser and bend stiffener. This
approach allows the numerical calculation of the contact force
between the riser/bend stiffener, increasing the understanding of

Table 1 System properties and geometry

Applied loads F � 62.5 − 500 kN
Angle �L � 45 deg
Riser bending stiffness E.I1 � 10 kN m2

Maximum BS diameter De � 0.65 m
Minimum BS diameter Di � 0.18 m

Fig. 4 Stress-strain curve for the polyurethane

Fig. 5 (Top) Neutral axis eccentricity versus curvature for a nonlinear
elastic material. (Bottom) Bending moment versus curvature
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critical design points in terms of abrasive wear for the riser ex-
ternal sheath.

The riser–stiffener interaction is rather complex, since it in-
volves large displacements and physical nonlinearity inherent to
polymers. The governing equations for the large deflection of
bend stiffeners are expressed by a system of four nonlinear ordi-
nary differential equations with boundary conditions specified at
both ends. A code is developed in FORTRAN language employ-

ing IMSL subroutines for solving a finite difference method. A
case study is proposed, and the results are presented for the linear
elastic and nonlinear asymmetric models. The results evidence the
significant potential influence of the material nonlinearity and
asymmetry on the system behavior. For this example, the results
for nonlinear asymmetric material were usually nonconservative.

A better understanding of the mechanics of the riser–stiffener
interaction may impact design in terms of fatigue and extreme
loading conditions as well as for the wear life assessment.

Fig. 6 Deflected configuration for linear symmetric and nonlinear
asymmetric elastic materials

Fig. 7 Angle distribution for linear symmetric and nonlinear asymmet-
ric elastic materials

Fig. 8 Curvature distribution for linear symmetric and nonlinear asym-
metric elastic materials

Fig. 9 Contact force distribution for linear symmetric and nonlinear
asymmetric elastic materials
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Table 2 Maximum contact force versus arc length

Applied
Load
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Arc
Length

(m)
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(kN/m)

Arc
Length

(m)

Maximum
Contact Force

(kN/m)
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